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INSTABILITIES IN THIN ELASTIC-PLASTIC TUBES

R. N. Dusey

Department of Mechanical Engineering, University of Waterloo, Waterloo, Ontario, Canada

Abstract—The condition for instability of an isotropic elastic~plastic cylinder under pressure p and independent
axial load P is examined. It is shown that the boundary value problem admits different loading conditions, each
condition leading to a different result. The critical stress for axially loaded cylinders and for cylinders under
uniform lateral pressure follow as special cases. It is shown, further, that the value of the critical stress is quite
sensitive to the variation in the normal to the yield surface at the local stress point.

NOTATIONS
o r cylindrical coordinate
Loa,t Length, mean radius and thickness of the cylinder
{ distance from the middle surface
P pressure
P independent axial load
P, total axial load
0> 85, T;;  components of the true stress, the nominal stress and the Kirchhoff stress
oy axial stress
o, hoop stress
a stress ratio (o3/64)
T, T boundary traction and traction-rate
) the material derivative
n; normal to the boundary surface
v; components of particle velocity
u,o,w velocities at the middle surface
%T;'! the Jaumann derivative of the Kirchhoff stress
£; rate of deformation tensor
W5 spin tensor
2u rigidity modulus
E Young's modulus
E, tangent modulus
v Poisson’s ratio
h work hardening parameter
my; normal to the yield surface
my,my, my  components of m;; in principal stress space
mn positive integers

INTRODUCTION

THE INSTABILITY of a closed tube under internal pressure and independent axial load was
investigated by Swift [1], Marciniak [2], Lankford and Saibel [3], and Hillier [5]. Each
of the above authors obtained different values of the critical stress at instability. Mellor [6]
sought to correlate the difference in the predicted values of the critical stress experimentally
and found that under proportional stressing the theory proposed by Lankford and Saibel
and by Mellor agrees well with experiment. In the papers cited, the cylinder was assumed
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to be long, so that the end effect could be neglected, and made of rigid plastic solid obeying
von Mises yield criterion.

In the current investigation, an elastic—plastic cylindrical shell under continuing
deformation is considered. The critical condition for stability of the cylinder under
internal pressure p and independent axial load P is obtained by Hill’s variational tech-
nique [7], modified to include the effect of the fluid pressure. In the formulation, the
plastic component of the deformation is expressed in terms of the normal to the yield
surface at the local stress point. Hence, the analysis can be applied to a wide class of
inelastic solids.

The theoretical results of the above-cited authors are obtained as special cases from
the critical condition for stability for a rigid—plastic von Mises solid. Differences in their
results are due to different boundary conditions imposed by each author. This observation
sets aside any controversy regarding the validity of any particular theory.

The result of the present investigation is also applicable for materials for which the
elastic-component of the deformation is of the same order of magnitude as the plastic
component and hence can no longer be neglected. The result obtained here is expected
to be useful for application to pressure vessels where the above condition may often hold.

Yet another feature of the present analysis is the dependence of the critical stress on
the unit normal to the local yield surface. Thus, any variation in the shape of the yield
surface at the local stress point is reflected directly on the value of the critical stress at
instability. The variation in the shape may be due to departure from the assumed loading
condition or due to imperfect material behaviour.

The sensitivity of the critical stress to variation in the shape of the yield surface has
been investigated by Sewell [11] for a plate under in-plane external load, and by Ariaratnam
and Dubey [12] for a cylindrical shell under axial compressive load. However, the effect
on the critical stress of variation in the shape of the yield surface for an elastic—plastic
cylindrical shell under internal pressure p and independent axial load P seems not to
have been investigated before. In this connection, it may be mentioned that Hillier [13]
found that the critical subtangent at instability for a von Mises solid differs significantly
from that for a Tresca solid. However, he considered only the rigid—plastic behaviour
for the material.

STATEMENT OF THE PROBLEM

Consider an elastic—plastic cylinder closed at both ends, and subjected to internal
pressure p and independent axial load P. At the instant under consideration, the mean
radius qa, the thickness ¢ (t < a) and the length L of the cylinder is supposed given. The
length of the cylinder is assumed to be large compared to the radius so that the end effect
may be neglected. We consider the configuration of the cylinder in the current state to
be the reference configuration, and take a cylindrical coordinate system, origin at the
centre of the axis, as reference frame. In the reference configuration, the components
of the true stress ¢;;, the nominal stress s;; and the Kirchhoff stress 7;; are identical and
its only non-zero components are ¢, and 4,, where

P, = P+p(nr?) = 6,2nrt), and pr = g,t. (1)

The current stress distribution is assumed uniform.
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The stability of the cylinder is now tested by applying a virtual velocity field v;. During
the incremental displacement, the boundary conditions are prescribed in terms of the
nominal stress and the material derivative, that is the time derivative following the element,
of the nominal stress.

T/ = n;sY, (2a)
TJ = n$Y. (2b)

Using the relation (Hill [7])
§9 = ¢V + gt — o, 3)

the boundary condition (2b) can be expressed in terms of the material derivative of the true

stress 45,

T = n6Y+ 0"k — oMol @

Here and subsequently, the comma followed by a subscript denotes covariant differentiation
with respect to that subscript.

During the virtual displacement, the internal work minus external work is easily

shown to be
oK = %(&)Z[J s‘“vj,idV—f ’I"jvjd5:|
v s

where (J¢) is the time during which the displacement is v;0t. The volume and the surface
integrations are to be carried over the initial volume and the initial surface area, respectively.

If 0K is positive for any v;, the cylinder is certainly stable, as more energy is required
by the cylinder to achieve corresponding displacement than can be supplied by the
external work. For an actual field, 6K vanishes. For K < 0, only a part of the external
work is taken up by the internal deformation; the difference is still available to cause
further deformation which results in further increase in K. This state of affairs, if con-
tinued, leads to ultimate failure. For convenience, we write

0E = f S'ijvj’idV, (53)
14
SW = J‘ nigiio, S, (5b)
S
Hence, for stability,
SE—S8W > 0. (©6)

For dead loading on the part Sy of the boundary surface §, and rigid constraints on
the remainder S —Sg, W = 0 and condition (6) reduces to the stability criterion (6) of
Hill [7]. For pressure loading, W is non-zero generally and should always be included
in the type of analysis considered here.

It may be useful to establish a sufficient condition for uniqueness of the boundary
value problem. Suppose that during the incremental deformation, the traction-rate is
prescribed on part Sr and the velocity is given on the remainder S— S¢ of the boundary
surface. We assume that the boundary value problem has two distinct solutions and denote
the difference of respective field variables of the two solutions by a prefix A. Then

ATV =n; Asi=0 onSp
Av; =0 on S—Sp,
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and As¥ = 0 in V (equilibrium condition). Hence
f AsiAv;; dV — J AT'Av, dS = fAs‘f{AvjdV =0.
Therefore, for uniqueness
f AsiAD;; AV — f nAsiAp;dS > 0. (6a)

If one of the admissible fields in (6a) is identically zero, then for a linear solid, the
conditions (6) and (6a) are identical.

It may be emphasized that for pressure loading, with a given rate of increase of the
pressure, p,

Aéij = péijAufk — pAvi,j,

and hence AS;; is not necessarily zero.

MATERIAL PROPERTIES

We describe the material property of the cylinder in terms of the Jaumann derivative
of the Kirchhoff stress Dt;;/Dt which is related to &,; by (Hill [9])

Dt
Dt

= 6 + oYk — o™ wf — e’ wi. )

During the incremental deformation, the constitutive equation for an isotropic elastic—
plastic solid may be taken in the form (Hill [9]):
D;; v
ZH e 45— ¢k
Dt ”(8”+5” ] -2v8")
2u

_ T kel h L >0
—2um; 2u+hml£k WHEN i by
0 <0

The choice of the velocity field is based upon the usual assumptions made in the theory
of thin shells; that is, (i) plane sections normal to the middle surface remain plane and
normal ; and (ii) stresses normal to the middle surface are small and could be neglected.
From assumption (i) &,3 = &,3 = 0 and from (ii),

DT33

D = 0.
The assumption (i) is satisfied by the following choice of the velocity field :
_ L O0w
Uy = U Qa
¢ ow
=vt+2fo—"— 8
v, v+a(v 69) (8a)

U3=W.
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The corresponding physical components of the strain-rate ¢;; are

o
T ex Cox?

{ov 1ol ¢l . 0*w v 1
ey = 5[(5;'*‘5 55) “5(2@@—&*‘;“8)‘] (8b)
22 = " 50l T2\ " " a07|

Using assumption (i), the constitutive equation (8) may be written in terms of physical
components of the stress-rate as

Dt
D;I = 2plcy1€11+C12823)
Dz
Diz = 2p(cy2€11 +C22€22) 9)
Dt
D:jz = 2/1@}2.
where
I h+2um3(1+v)
T (1= v)+ 2u(m? + m2 + 2vmymy)
hv—2um my(1+v)
= 1
€12 h(1 — )+ 2u(m? +m3 +2vm m;) (10)
h+2umi(1+v)
Ca2

T WI—v)+2u(m? +mi+ 2vmymy)

Boundary conditions

In order to demonstrate clearly the effect of rate of loading on the stability criterion,
consider the ratio a = (¢,/6,) and variation in this ratio. From (1)

2pnr? = aP, = o P+ pnr?)

and hence

P+ prr? 2
da P+ pmr +gf-—(93+ dr) =0 (11)

o P P p r

Only two of the variations da, dp and dP in (11) can be varied independently. The value
of the stress at instability depends on which two of the variables are controlled, each
combination in fact leads to a different boundary-value problem.

(a) Suppose that instability occurs when either (i) p is held constant and P is increased
to a maximum, or (ii) P is held constant while p is increased till it reaches maximum value,
or (iii) both p and P are increased till each reaches a maximum. In all the three cases,
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dP = 0 at instability. Swift [1] and Marciniak [2] assumed the above condition at in-
stability. In terms of time derivative, then
P i
= 2 e _’
S
and
511 - E;r. (12)
(b) Hillier [5] assumed the condition dp = 0, dP, = 0 at instability. This assumption
implies
& = 2a(r/r),
and
5:11 = 0

(c) Lankford and Saibel [3] and Mellor {4] considered the case of proportional loading,
for which da = 0. These authors proposed the following conditions at instability :
(i) for « > 4, dp = 0, and hence from (1) and (11),

$11 = 20,(F/r), (13)
(i1) for o < 4, dP = 0. The values of p and §,, are then found from (1) and (11) to be
p = —2p(F/r),
and
511 =0.

Stability criterion

It is convenient to express the stability criterion in terms of the velocity field (u, v, w)
at the middle surface. Hence, substituting from the equations (3), (7), (8a, b) and (9) and
integrating over the thickness of the cylinder, the stability criterion (6) yields:

1 1 1 1 2
f[{c“ui+2c12ux—(w+vo)+c22——2(w+vg)z+~(vx+4u9) }
a a 2 a

+(t2/12a%) a?c 1w + 201 2(W + WogdW i + C22(W + Weg)?
1 1 \? , 1 1 )2 5 ,
+ o 2w — v —up] o —(o 2 us S| v+ —up| —vi—w;
2 a 2 a

1 1 \2 1 1 1
—(02/2u) 5 v+ g +7(W+Uo)2—7ug—*3(v—wa)2 ds
2 a a a a
1 w v
~ E,ut [ pw+pwux—uwx+Z(w+v3)+;(v—wo) ds,

+fn1s'11udS] > 0, (15)
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where subscripts denote partial differentiation ; S, is the lateral surface on which the pres-
sure p, p act and S refers to the cross sectional area.

The velocity field minimizing the stability functional is obtained from the Euler equa-
tion of (15) and may be taken in the form

u= Aﬁsinwcos nf
L
v = —Ancos?sin né (16)

mmnx
w = A(n® —p2ci1/cy2) cos —— cos no,

where § = mna/L and m and n are positive integers.

Substituting u, v and w in (15) and integrating, leads to the condition which can be
applied to investigate the stability of a thin cylinder under continuing deformation. In
order to display clearly the role played by different loading conditions, the surface integral
of the work done by the axial component of the surface traction-rate is transformed into
the volume integral. The stability criterion is then found, after some manipulation, to be:

2
ﬁ4011(c11022—C%z)+1;7[(n2012 —B%ci )P {B4ciy +2B2(n* — 1)cy,
+(n? —1)%cy,} +n2fH{(n* — ey — BPei1 21— (01 2)B% (B — nP)ci,

17
—(022W)[B%c11Qci 1 —c12)— BnPet 4+ BPnPel, + 2B n*(n* - 1) 7

2c2
><c“clz—n‘*(nZ_l)cfz]—Aaznth[f pwdsS, + f§11ude:| > 0.

APPLICATION

(a) Cylinder under axial compression
In this case p = 0, hence o, = 0. If the dead load is maintained during subsequent
deformation, then §W = 0 and the stability criterion simplifies to

OE > 0.

For 2 » 1, the value of the critical is found from (17) to be

2
Cuczz—cu]*

3 (18)

oy = 2#(t/a)[
A part of the material in this case may, however, be unloading and the analysis has to be
modified to take unloading into account.

We have seen already that for a linear solid loading everywhere, the stability criterion
and the uniqueness criterion are identical. Hence, another interpretation of (18) is possible.
Suppose that during the incremental deformation, the traction-rate is presented on a
part Sy and the velocity is given on the remainder S— Sy of the boundary surface. The
value of the stress given by (18) is the condition that the boundary value problem has
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more than one solution. The solution for v; then consists of a homogeneous field super-
imposed on the non-homogeneous field (16) and, as a result, material everywhere may
still be loading.

For an elastic solid, # — 20 and hence (18) reduces to

1 3
ol

{Timoshenko and Gere [10], equation 11-1).

(b) Cylinder under external pressure p (p = 0)

We assume the cylinder to deform in a state of plane strain, deformation parallel to
the axes being prevented, The value of the critical pressure p, in this case, is obtained by
putting f = 0in {17); thus

tZ
r < (n2~' 1)@2}1(‘22.

tZ
Derit = 22172/“‘22 .

For an elastic solid, ¢;, = /1 —v), and the value of p, at onset of instability then
coincides with the classical result. (Timoshenko and Gere [10], equation 7.15).

(¢) Axi-symmetric deformation
The stability criterion for axi-symmetric deformation is obtained by putting n = 0

in equation (17),

2

124*
*(Ulfzﬂ)cfz—(ﬂ'z/zﬂ)cx1(2C’n—Clz) (19)

926%2 R . ;
"’m deSp*}”J.S“MxC”f > 0.

The term containing (¢?/12a?) is due to shear stiffening and is neglected in the following
analysis.

(1) Consider the condition for instability proposed by Swift [1] and by Marciniak [2],
namely dp = 0, dP = 0: consequently $,,; = (p/t)w. Substituting in (17) and using (10),
we obtain, at instability :

cyiley1€a2— C12)+( )Cu(ﬂ cr1—2B%cia+c23)

1 om
E h
oy = 3 . (20)
_‘i_m‘mz +2(0,/0 ) m2 1=y _mymy
E h YINETHINTE " h

In deriving (20), no assumption has been made regarding the shape of the yield surface.
Hence the result is applicable to a wide class of inelastic solids. For a solid obeying von
Mises yield criterion,

2—a _ 2001 e = — I+o 1)
NI T L = -

JI6(1—x+a2)] JI6(1 — o+ o?)]

m; =
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The value of m;; for Tresca solid will depend on the value of a. For 0 <a < 1,
my = 1//2,my = 0,my = —1/,/2;andfor | <a < co,m; =0,m, = 1/\/2,my = —1/\/2.
However, for o = 1, Tresca yield surface (Fig. 1) has a fan of normals lying between
Normal A and Normal C.

Ty
NORMAL C
! NORMAL B
= > NORMAL A
///’ \\‘
P \
/s "
f’ ]
W !
/
o
! (4
/ /
{ A-MISES YIELD SURFACE
i /1
‘\ p TRESCA YIELD SURFACE
\ i
\ //

Fig. 1.

Equation (20) is in a very convenient form to examine the sensitivity of the critical
stress to the variation in normal m;;. In Fig. 2, the value of (6,/E) is shown against
ME/E) for a = 1 and corresponding to Normal B and Normal C, It is seen that the critical
stress corresponding to the Normal C of Tresca solid is significantly lower than the
critical stress corresponding to the Normal B of von Mises solid. The critical stress is
found to be quite sensitive to the variation in m;; for other values of « as well. This is a
significant observation and is in agreement with the observation of Sewell [11] and
Ariaratnam and Dubey [12].

It is seen, further, that the value of the critical stress decreases very rapidly as the value
of 1 increases. For sufficiently large 4, the critical stress is found to be of the same order
of magnitude as that of the work-hardening parameter h.

For a rigid-plastic solid E —» o and E, = $h {von Mises solid). Using this relation,
equations {21) and the relation

&* = 3oij0i; = (61 —0,0,+03), (22)

in (20), we obtain
1 4—60+30?+40°

lE =
g’ 41 —o+a?)?
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This result has been obtained by Swift and by Marcimak using different methods.
(i) Using the condition dp = 0, dP, = 0, hence §,; = 0, we obtain at instability:

1 m
o
0'1 = 7 N * (23)
v omym, o l+m2 2~—v+m2(m1+2m2)
E h E h|| E h
U/E
o7
06}
1
i
i
i
1
osp
|| u:'/3
¥
1
04
3
\
i
\
O3 \\
A
A
AY
\
02 \
M N
N \
N MISES SOLID
Of w\\\\\ K —
TRESCA SOLID ~~r==eool____ T
(NO?MAL C) o T
o0y 3 5 7 9 T 13 15 \E
g X CURVE
E
FiG. 2.

condition for instability:

For a rigid-plastic solid obeying von Mises yield criterion, (23) reduces to the following

—Er

which was first obtained by Hillier [5].

_2-20—a’+3a’
T Al—a+ad)t

(iii) We assume now that the deformation continues under proportional stressing,
so that do = 0. Assuming, further, that for « > %, the instability occurs when dp = 0
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and hence §;, = 20,(w/a). Substituting in (19), and using (10), it follows that for instability:
1 mi
. E h
1= T
2—v  my(m;+2m,) 1 m3\ v mm,
[E L "E*H|TE

For a von Mises solid having infinitely large modulus of elasticity, (24) yields

1 3o
“E=-— "
&' 2Al—at+a?)?
This is the same as the result obtained by Lankford and Saibel and by Mellor.

These authors proposed that for « < 4, dP = 0, hence $;; = 0 and p = —2p(w/a)
at instability. Hence from (17), the critical stress at instability is found to be

(24)

1+m§
E h

o= v mym, 2_ 1+m§ v omm,\’
E  n METRNE h

From (25), we obtain the condition

1 2—u
_E =——- "
é ' 20 -a+a®)Y

at instability for a rigid—plastic (von Mises) solid.

(iv) Cooper’s result, as generalized by Hillier, follows by neglecting the contribution
due to 6W. The condition for instability for a rigid—plastic solid, then emerges in the
form:

1 (1+ ) (4—Ta+4a?)
'ZEt =

G 41 —a+a’)?

Thus, from equations (20), (23-25), we obtain the value of the critical stress, at
instability, for a cylinder under internal pressure p and independent axial load P, generalized
for an elastic—plastic solid. The difference in the result is due to different loading con-
ditions imposed. Another feature of the analysis is the fact that the results obtained here
can be applied to a wide class of inelastic solids, von Mises solid and Tresca solid being
included as special cases.

The value of the critical stress at instability is found to be quite sensitive to the variation
in the direction of the unit normal of the yield surface at local stress point. This is one of
the features of the present analysis. The variation in the normal could be due to the stress
ratio being different than its ideal value or due to different material behaviour from the
idealized case. Further, the critical stress is found to decrease very rapidly as the value
of (= E/E,) increases, thus bringing the result obtained here in the range of possible
practical interest. The result is expected to be useful specially for analysis in pressure
vessels, where elastic deformation may not be negligible.

For the boundary value problem of the type considered, different boundary conditions
are admissible, each leading to different results. In fact, the results of the authors [1-5]
follow as special cases under different boundary conditions imposed.
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APPENDIX

The main structural problem is to calculate the value of the maximum load that the
system can stand. For o = 0,/04), it is seen from (1) that

P, = 0,(2nrt) and p = o4(t/r).

Hence the degree of sensitivity of the stress to the variation in the normal to the yield
surface is reflected in the sensitivity of the load in the same proportion. A numerical
prediction can be made only if the stress—strain relationship for the material is known
precisely. To the author’s knowledge, a general stress—strain law, covering the entire
range of deformation starting with purely elastic deformation to predominantly plastic
deformation, is unavailable and this makes the question of predicting the variation in
the critical stress an awkward one to answer. However, if the deformation is assumed
to be predominantly plastic then we can use the relation (Johnson and Mellor [14))

o = 22,200 %25 (26)

which holds for soft aluminum. With the help of (8) and (26), the values of the critical stress
can be obtained from (20) or from (23) and are given below:

{a) Using Swift’s criterion (20),

14848 psi corresponding to Normal B of von Mises solid
o1 = { 13197 psi corresponding to Normal C of Tresca solid;
(b) Using Hillier’s criterion (23),
{ 15695 psi corresponding to Normal B.
L=

13197 psi corresponding to Normal C.
However, it is felt that further verification is necessary before the usefulness of the
theory can be established.
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AbcTpakt—Mccnenyercs ycnoBHe HEYCTOMYMBOCTH H3OTPONHOIO, YMPYTOIUTACTHYECKOTO LIMAMHADA,
MOABEPKEHHOTO AEHCTBHIO NABIEHHA P M HE3AaBHCHMOM oceBoil HAarpy3ku P. Oxa3biBaeTcs, 4TO TpaHHYHas
3a/1a4a QOHYCKAET Pa3HBIE YCIIOBUSL HAAPY3IKH, JIPHYEM KaXI0€ YCIIOBHE IIPHBOANT K PAa3HOMY PE3y/NbTaTy.
B xayecTBe CHIELHANBHBIX C/Iy4aeB AAIOTCA KPHTHYCCKHE HATIPSXKEHHUA AU LMIHHAPOB HATPYKEHHBIX BAOID
OCH M HHJIHHAPOB O] BIUAHHEM OJHOMEPHO FTOPH3OHTAIBHOTO AaBiienus. Janee, 10Ka3aHo, YTO 3HAYCHHE
KPHTHYECKOTO HANPSKEHUA ABIACTCA OYEHD YYBCTBHTENBHEIM HAa M3MEHEHHE HOPMAJIM K MIOBEPXHOCTH, B
MECTHOH TOYKE HATPSIKEHHS.



