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INSTABILITIES IN THIN ELASTIC-PLASTIC TUBES

R. N. DUBEY

Department of Mechanical Engineering, University of Waterloo, Waterloo, Ontario, Canada

Abstract-The condition for instability of an isotropic elastic-plastic cylinder under pressure p and independent
axial load P is examined. It is shown that the boundary value problem admits different loading conditions, each
condition leading to a different result. The critical stress for axially loaded cylinders and for cylinders under
uniform lateral pressure follow as special cases. It is shown, further, that the value of the critical stress is quite
sensitive to the variation in the normal to the yield surface at the local stress point.
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cylindrical coordinate
Length, mean radius and thickness of the cylinder
distance from the middle surface
pressure
independent axial load
total axial load
components of the true stress, the nominal stress and the Kirchhoff stress
axial stress
hoop stress
stress ratio (U2/(i 1)
boundary traction and traction-rate
the material derivative
normal to the boundary surface
components of particle velocity
velocities at the middle surface

the Jaumann derivative of the Kirchhoff stress

rate of deformation tensor
spin tensor
rigidity modulus
Young's modulus
tangent modulus
Poisson's ratio
work hardening parameter
normal to the yield surface
components of mlj in principal stress space
positive integers

INTRODUCTION

THE INSTABILITY of a closed tube under internal pressure and independent axial load was
investigated by Swift [1], Marciniak [2], Lankford and Saibel [3], and Hillier [5]. Each
of the above authors obtained different values of the critical stress at instability. Mellor [6]
sought to correlate the difference in the predicted values of the critical stress experimentally
and found that under proportional stressing the theory proposed by Lankford and Saibel
and by Mellor agrees well with experiment. In the papers cited, the cylinder was assumed
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to be long, so that the end effect could be neglected, and made of rigid plastic solid obeying
von Mises yield criterion.

In the current investigation, an elastic-plastic cylindrical shell under continuing
deformation is considered. The critical condition for stability of the cylinder under
internal pressure p and independent axial load P is obtained by Hill's variational tech
nique [7J, modified to include the effect of the fluid pressure. In the formulation, the
plastic component of the deformation is expressed in terms of the normal to the yield
surface at the local stress point. Hence, the analysis can be applied to a wide class of
inelastic solids.

The theoretical results of the above-cited authors are obtained as special cases from
the critical condition for stability for a rigid-plastic von Mises solid. Differences in their
results are due to different boundary conditions imposed by each author. This observation
sets aside any controversy regarding the validity of any particular theory.

The result of the present investigation is also applicable for materials for which the
elastic-component of the deformation is of the same order of magnitude as the plastic
component and hence can no longer be neglected. The result obtained here is expected
to be useful for application to pressure vessels where the above condition may often hold.

Yet another feature of the present analysis is the dependence of the critical stress on
the unit normal to the local yield surface. Thus, any variation in the shape of the yield
surface at the local stress point is reflected directly on the value of the critical stress at
instability. The variation in the shape may be due to departure from the assumed loading
condition or due to imperfect material behaviour.

The sensitivity of the critical stress to variation in the shape of the yield surface has
been investigated by Sewell [11] for a plate under in-plane external load, and by Ariaratnam
and Dubey [12] for a cylindrical shell under axial compressive load. However, the effect
on the critical stress of variation in the shape of the yield surface for an elastic-plastic
cylindrical shell under internal pressure p and independent axial load P seems not to
have been investigated before. In this connection, it may be mentioned that Hillier [13]
found that the critical subtangent at instability for a von Mises solid differs significantly
from that for a Tresca solid. However, he considered only the rigid-plastic behaviour
for the material.

STATEMENT OF THE PROBLEM

Consider an elastic-plastic cylinder closed at both ends, and subjected to internal
pressure p and independent axial load P. At the instant under consideration, the mean
radius a, the thickness t (t ~ a) and the length L of the cylinder is supposed given. The
length of the cylinder is assumed to be large compared to the radius so that the end effect
may be neglected. We consider the configuration of the cylinder in the current state to
be the reference configuration, and take a cylindrical coordinate system, origin at the
centre of the axis, as reference frame. In the reference configuration, the components
of the true stress (1ij, the nominal stress sij and the Kirchhoff stress Tij are identical and
its only non-zero components are (11 and (12, where

(1 )

The current stress distribution is assumed uniform.
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The stability of the cylinder is now tested by applying a virtual velocity field V j • During
the incremental displacement, the boundary conditions are prescribed in terms of the
nominal stress and the material derivative, that is the time derivative following the element,
of the nominal stress.

Using the relation (Hill [7])

Tj = ni j,

t j = njsij.

(2a)

(2b)

(3)

the boundary condition (2b) can be expressed in terms ofthe material derivative of the true
stress (1jj,

(4)

Here and subsequently, the comma followed by a subscript denotes covariant differentiation
with respect to that subscript.

During the virtual displacement, the internal work minus external work is easily
shown to be

bK = i(bt)2[L sijvj,i dV - Is tjvjdS]

where (M) is the time during which the displacement is vjM. The volume and the surface
integrations are to be carried over the initial volume and the initial surface area, respectively.

If bK is positive for any Vi, the cylinder is certainly stable, as more energy is required
by the cylinder to achieve corresponding displacement than can be supplied by the
external work. For an actual field, bK vanishes. For bK < 0, only a part of the external
work is taken up by the internal deformation; the difference is still available to cause
further deformation which results in further increase in bK. This state of affairs, if con
tinued, leads to ultimate failure. For convenience, we write

bE = i sijv·· dV (5a)J.J ,
v

Hence, for stability,
bE-bW> O.

(5b)

(6)
For dead loading on the part SF of the boundary surface S, and rigid constraints on

the remainder S - SF, bW = 0 and condition (6) reduces to the stability criterion (6) of
Hill [7]. For pressure loading, bW is non-zero generally and should always be included
in the type of analysis considered here.

It may be useful to establish a sufficient condition for uniqueness of the boundary
value problem. Suppose that during the incremental deformation, the traction-rate is
prescribed on part SF and the velocity is given on the remainder S- SF of the boundary
surface. We assume that the boundary value problem has two distinct solutions and denote
the difference of respective field variables of the two solutions by a prefix d. Then

dTj = nj dsjj = 0

dVi = 0
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(6a)

and ~s:{ = 0 in V (equilibrium condition). Hence

f ~sij~vj.idV - f ~Ti~vidS = f ~s:{~vjdV = O.

Therefore, for uniqueness

f ~sij~vj.idV - f ni~sij~vjdS > O.

If one of the admissible fields in (6a) is identically zero, then for a linear solid, the
conditions (6) and (6a) are identical.

It may be emphasized that for pressure loading, with a given rate of increase of the
pressure, p,

~Sij = pl5ij~V:k - P~Vi.j,

and hence ~sij is not necessarily zero.

MATERIAL PROPERTIES

We describe the material property of the cylinder in terms of the Jaumann derivative
of the Kirchhoff stress DruiDt which is related to iTij by (Hill [9])

(7)

During the incremental deformation, the constitutive equation for an isotropic elastic
plastic solid may be taken in the form (Hill [9]):

Drij
when m··- > 0

I) Dt

::;; o.

(8)

The choice of the velocity field is based upon the usual assumptions made in the theory
of thin shells; that is, (i) plane sections normal to the middle surface remain plane and
normal; and (ii) stresses normal to the middle surface are small and could be neglected.
From assumption (i) e13 = e23 = 0 and from (ii),

Dr33
Iit=O.

The assumption (i) is satisfied by the following choice of the velocity field:

J7W
VI = U-I,,ax

(8a)



Instabilities in thin elastic-plastic tubes

The corresponding physical components of the strain-rate eij are

aU 02 W
ell =--(-ox ox2

703

(8b)

e22 = ~(w+ ~;) - ;2( w+ ~~~).
Using assumption (ii), the constitutive equation (8) may be written in terms of physical

components of the stress-rate as

J>r ll-- = 2tt(cllell +CI2e22)
Dt

where

h+ 2ttm~(l + v)
Cll = h(l-v)+2tt(mI+m~+2vmlm2)

hv - 2ttmlm2(l + v)
C I 2 = -:-:-:,.------,---::--:...-:2.-'--"-';;2,.---=------,-

h(1-v)+2tt(ml +m2 +2vmlm2)

h+2ttmW+v)

(9)

(to)

(11)

Boundary conditions
In order to demonstrate clearly the effect of rate of loading on the stability criterion,

consider the ratio IX = (0"2/0"1) and variation in this ratio. From (1)

2pnr2 = (XPz (X(P +pnr2
)

and hence

dlX P +pnr
2 +dP _ (dP+2dr) = o.

IX P P p r

Only two of the variations d(X, dp and dP in (11) can be varied independently. The value
of the stress at instability depends on which two of the variables are controlled, each
combination in fact leads to a different boundary-value problem.

(a) Suppose that instability occurs when either (i) p is held constant and P is increased
to a maximum, or (ii) P is held constant while p is increased till it reaches maximum value,
or (iii) both p and P are increased till each reaches a maximum. In all the three cases,
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(12)

(15)

dP = 0 at instability. Swift [1] and Marciniak [2] assumed the above condition at in
stability. In terms of time derivative, then

P r
eX = 20c ~,

P+pnr2 r

and

. P
S11 = -r.

t

(b) Hillier [5] assumed the condition dp = 0, dPz = 0 at instability. This assumption
implies

eX = 2oc(r/r),

and

511 = O.

(c) Lankford and Saibel [3] and Mellor [4] considered the case of proportional loading,
for which doc = O. These authors proposed the following conditions at instability:

(i) for oc :;::: t, dp = 0, and hence from (1) and (11),

511 = 2a1(i'/r), (13)

(ii) for oc ::s; t dP = O. The values of p and 511 are then found from (1) and (11) to be

p = - 2p(r/r),

and

511 = o.

Stability criterion

It is convenient to express the stability criterion in terms of the velocity field (u, v, w)
at the middle surface. Hence, substituting from the equations (3), (7), (Sa, b) and (9) and
integrating over the thickness of the cylinder, the stability criterion (6) yields:

f [{ 2 1 1 2 1( 1)2}cllux+2c12Ux-;;(W+VO)+C22;Z(W+vo) +2 vx+-;;uo

+(t2/12a2){a2c11 w2 +2C12(W + woo)wxx +C22(W +WOO)2

1( 1 ) 2} {2 1( 1)2 2 7}+22wxo-vx+auo -(at/2/l) uX +
2

vx+auo -l'x-W~

- 1( 1)2 1 2 1 2 1 2}]- (a2/2/l){ 2 Vx+-;;uo +a2 (w +VO) - a2Uo - a2(v - WO) dS

- (~/lt) [J {pw+PWUx-UWx+~(w+vo)+~(V-Wo)} dSp

+Jn1511 UdS] > 0,
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where subscripts denote partial differentiation; Sp is the lateral surface on which the pres
sure p, pact and S refers to the cross sectional area.

The velocity field minimizing the stability functional is obtained from the Euler equa
tion of (15) and may be taken in the form

13
. mnx ()

u = A smTcosn

mnx .
v = -AncosTsmn(} (16)

2 2 mnx
w = A(n -13 cll/cdcosTcOS nO,

where 13 = mna/L and m and n are positive integers.
Substituting u, v and w in (15) and integrating, leads to the condition which can be

applied to investigate the stability of a thin cylinder under continuing deformation. In
order to display clearly the role played by different loading conditions, the surface integral
of the work done by the axial component of the surface traction-rate is transformed into
the volume integral. The stability criterion is then found, after some manipulation, to be:

2

f34c11(c 11C22 - ci 2) + l~a2 [(n2C12 - f32c11)2{f34c11 +2f32(n2-1)C12

+(n2-1)2c22 }+n2f32{ (n 2-1)c 12 - f32 C1 d2] - (0" tf2Jl)f32(f32 - n2)cf2

-(0"2/2Jl)[f34c11 (2c 11 - C12) - f34~2cf 1 + f32 n2cf 2 + 2f32n2(n2-1)

xCllc12-n4(n2-1)cf2]- A~;l~t[fpwdSp + f SllUx dV] > o.

APPLICAnON

(17)

(a) Cylinder under axial compression
In this case p = 0, hence 0"2 = O. If the dead load is maintained during subsequent

deformation, then <5W = 0 and the stability criterion simplifies to

<5£ > O.

For 13 2 ~ 1, the value of the critical is found from (17) to be

0"1 = 2Jl(t/a{CllC2; -d2T. (18)

A part of the material in this case may, however, be unloading and the analysis has to be
modified to take unloading into account.

We have seen already that for a linear solid loading everywhere, the stability criterion
and the uniqueness criterion are identical. Hence, another interpretation of(18) is possible.
Suppose that during the incremental deformation, the traction-rate is presented on a
part SF and the velocity is given on the remainder S- SF of the boundary surface. The
value of the stress given by (18) is the condition that the boundary value problem has
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more than one solution. The solution for t'i then consists of a homogeneous field super
imposed on the non-homogeneous field (16) and, as a result, material everywhere may
still be loading.

For an elastic solid, h ~x; and hence (18) reduces to

[ 1 11
(J 1 = E(t/a) "--

3(1 _v 2 )

(Timoshenko and Gere [1OJ, equation 11-1).

(b) Cylinder under external pressure P (p = 0)

We assume the cylinder to deform in a state of plane strain, deformation parallel to
the axes being prevented. The value of the critical pressure P, in this case, is obtained by
putting fJ = °in (17); thus

t2

Peril ==: 4a2 2Jlcn·

For an elastic solid, Cn = l/(l-v), and the value of Peril at onset of instability then
coincides with the classical result. (Timoshenko and Gere [1OJ, equation 7.15).

(c) Axi-symmetric deformation

The stability criterion for axi-symmetric deformation is obtained by putting n = 0
in equation (17),

C11(cllCn - d 2)+ C;:2)cL (fJ4c: 11- 2fJ2cI2 + (22)

- «(J t/2Jl)d 2 - «(J2/2Jl)c 11(2c11 - cd (19)

-Aa2~~~Xf pwdSp + f slIuxdV1> O.

The term containing (t2/12a 2 ) is due to shear stiffening and is neglected in the following
analysis.

(i) Consider the condition for instability proposed by Swift [IJ and by Marciniak [2J,
namely dp = 0, dP = 0: consequently SlI (p/t)w. Substituting in (17) and using (10),
we obtain, at instability:

(20)

In deriving (20), no assumption has been made regarding the shape of the yield surface.
Hence the result is applicable to a wide class of inelastic solids. For a solid obeying von
Mises yield criterion,

2-a 2a-l
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The value of mij for Tresca solid will depend on the value of lX. For 0 < lx < 1,
m! = 1/"/2,m2 '= O,m3 = -1/../2;andforl < lx < oo,m! = 0,m2 = 1/../2,m3 = 1/../2.
However, for lx = 1, Tresca yield surface (Fig. 1) has a fan of normals lying between
Normal A and Normal C.

NORMAL C

NORMAL B

TRESCA YIELD SURFACE

I
I,

,4-MISES YIELD SURFACE

""

\
\
\
\
I
I,

J
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/
/
I
I
I
I
\
\
\

.................... _---."...,

FIG. 1.

Equation (20) is in a very convenient form to examine the sensitivity of the critical
stress to the variation in normal mij' In Fig. 2, the value of «idE) is shown against
A(E/Et ) for 0: = 1 and corresponding to Normal B and Normal C. It is seen that the critical
stress corresponding to the Normal C of Tresca solid is significantly lower than the
critical stress corresponding to the Normal B of von Mises solid. The critical stress is
found to be quite sensitive to the variation in mij for other values of 0: as well. This is a
significant observation and is in agreement with the observation of Sewell [IIJ and
Ariaratnam and Dubey [12J.

It is seen, further, that the value of the critical stress decreases very rapidly as the value
of A increases. For sufficiently large A, the critical stress is found to be of the same order
of magnitude as that of the work-hardening parameter h.

For a rigid-plastic solid E --+ 00 and Et = ih (von Mises solid). Using this relation,
equations (21) and the relation

(22)

in (20), we obtain

1 4 - 60: + 30:2+ 40:3

-;jEt = 4(1-0:+0:2)f
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This result has been obtained by Swift and by Marciniak using different methods_
(ii) Using the condition dp = 0, dPz 0, hence 51l = 0, we obtain at instability:

1 m~
-+
E h

(23)

13119753
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FIG. 2.

For a rigid-plastic solid obeying von Mises yield criterion, (23) reduces to the following
condition for instability:

1 2 - 20: 0:2 + 31X3

ijE, = 2{l-0:+1X2)! '

which was first obtained by Hillier [5].
(iii) We assume now that the deformation continues under proportional stressing,

so that do: = O. Assuming, further, that for 0: :2: !, the instability occurs when dp = 0
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(24)
O"t = [2-V + rn2(rnt +2rn2)J[0((~+ rn~) _~+ rntrn2

E h E h E h

For a von Mises solid having infinitely large modulus of elasticity, (24) yields

and hence Stt = 20"t(wja). Substituting in (19), and using (10), it follows that for instability:

1 rn~

E+T

(25)

~Et = 30( .
if 2(1-0(+0(2)"!

This is the same as the result obtained by Lankford and Saibel and by Mellor.
These authors proposed that for 0( :5: i, dP = 0, hence SIl = 0 and p = - 2p(wja)

at instability. Hence from (17), the critical stress at instability is found to be

1 rn~-+-
E h

From (25), we obtain the condition

1 2-0(
- E t = ------=----,-
if 2(1-0(+0(2)"!-'

at instability for a rigid-plastic (von Mises) solid.
(iv) Cooper's result, as generalized by Hillier, follows by neglecting the contribution

due to e5W. The condition for instability for a rigid-plastic solid, then emerges in the
form:

1 (1+0()(4-70(+40(2)
~Et = 4(1-0(+0(2)!

Thus, from equations (20), (23-25), we obtain the value of the critical stress, at
instability, for a cylinder under internal pressure p and independent axial load P, generalized
for an elastic-plastic solid. The difference in the result is due to different loading con
ditions imposed. Another feature of the analysis is the fact that the results obtained here
can be applied to a wide class of inelastic solids, von Mises solid and Tresca solid being
included as special cases.

The value of the critical stress at instability is found to be quite sensitive to the variation
in the direction of the unit normal of the yield surface at local stress point. This is one of
the features of the present analysis. The variation in the normal could be due to the stress
ratio being different than its ideal value or due to different material behaviour from the
idealized case. Further, the critical stress is found to decrease very rapidly as the value
of ..1.( = EjEt ) increases, thus bringing the result obtained here in the range of possible
practical interest. The result is expected to be useful specially for analysis in pressure
vessels, where elastic deformation may not be negligible.

For the boundary value problem of the type considered, different boundary conditions
are admissible, each leading to different results. In fact, the results of the authors [1-5J
follow as special cases under different boundary conditions imposed.
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APPENDIX

The main structural problem is to calculate the value of the maximum load that the
system can stand. For Cl( = (;21(;1), it is seen from (1) that

Hence the degree of sensitivity of the stress to the variation in the normal to the yield
surface is reflected in the sensitivity of the load in the same proportion. A numerical
prediction can be made only if the stress-strain relationship for the material is known
precisely. To the author's knowledge, a general stress-strain law, covering the entire
range of deformation starting with purely elastic deformation to predominantly plastic
deformation, is unavailable and this makes the question of predicting the variation in
the critical stress an awkward one to answer. However, if the deformation is assumed
to be predominantly plastic then we can use the relation (Johnson and Mellor [14])

(; = 22,200 8°'25 (26)

which holds for soft aluminum. With the help of (8) and (26), the values of the critical stress
can be obtained from (20) or from (23) and are given below:

(a) Using Swift's criterion (20),

{
14848 psi corresponding to Normal B of von Mises solid

(;1 = 13197 psi corresponding to Normal C of Tresca solid;
(b) Using Hillier's criterion (23),

(;t = {15695 psi corresponding to Normal B.

13197 psi corresponding to Normal C.
However, it is felt that further verification is necessary before the usefulness of the

theory can be established.
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A6cTpaKT-l1ccJIe,ll.yeTcli yCJIOBHe HeYCToAlfHBOCTH H30TporrHoro, yrrpyrOIlJIaCTHlfecKoro UHJIHH,lI.pa,

rrO,ll.BepllCeHHOro ,lI.eACTBHIO ,lI.aBJIeHHlI pH He3aBHCHMoA oceBoA Harpy3KH P. OKa3b1BaeTClI, 'iTO rpaHH'IHali

3a,ll.alfa ,lI.OHycKaeT pa3Hble YCJIOBHlI HallpY3KH, JIpHlfeM KallC,lI.oe yCJIOBHe rrpHBO,ll.HT K pa3HoMy pe3yJIbTaTy.

B KalfecTBe CrreUHaJIbHblX CJIYlfaeB ,lI.alOTCli KpHTHlfecKHe HanplillCeHHlI ,lI.JI1i UHJIHH,lI.pOB HarpYllCeHHblX B,lI.OJIb

OCH H UHJIHH,lI.poB no,ll. BJIHlIHHeM O,ll.HOMepHO ropH30HTaJIbHOrO ,lI.aBJIeHHlI. tI:aJIee, JIOKa3aHO, 'ITO 3HalfeHHe

KpHTHlfecKoro HanplillCeHHlI lIBJIlieTCli OlfeHb lfYBCTBHTeJIbHblM Ha H3MeHeHHe HOpMaJIH K rrOBepXHOCTH, B

MecTHOA TOlfKe HarrplillCeHHlI.


